We evaluate renormalization factors of the domain-wall fermion system with various improved gauge actions at one loop level. The renormalization factors are calculated for quark wave function, quark mass, bilinear quark operators, three-and four-quark operators in MS scheme with the dimensional reduction(DRED) as well as the naive dimensional regularization(NDR). We also present detailed results in the mean field improved perturbation theory. .15Ha, 11.30Rd, 12.38Bx, 12.38Gc Typeset using REVT E X
I. INTRODUCTION
The domain wall fermion formalism [1] [2] [3] offers a possibility of realizing full chiral symmetry at finite lattice spacing that the explicit chiral symmetry breaking term is suppressed exponentially in the fifth dimensional length N 5 . This property is understood in terms of the overlap formalism [4] or the Ginsparg-Wilson relation [5, 6] .
However realization of the exact chiral symmetry in N 5 → ∞ limit is non-trivial. In Ref. [3] it is shown that the explicit breaking term in the axial Ward-Takahashi identity vanishes exponentially in N 5 only when the eigenvalues of the transfer matrix in the fifth direction are strictly less than unity. The exact chiral symmetry cannot be realized even in N 5 → ∞ limit if the largest eigenvalue of the transfer matrix becomes unity. Recent studies [7] [8] [9] [10] [11] [12] of the chiral properties in quenched domain-wall QCD (DWQCD) seem to reveal that this is the case for the strong coupling region around the lattice spacing a −1 ∼ 1 GeV. By investigating the axial Ward-Takahashi identity it is found that there remains non-zero chiral symmetry breaking term even in the N 5 → ∞ limit [11, 12] and such a residual quark mass extracted by the axial WT identity becomes much larger than the physical u, d quark masses at a reasonable size of N 5 ∼ 20 for numerical simulation.
The chiral property is improved in the weak coupling region around a −1 ∼ 2 GeV. The value of residual quark mass in the axial WT identity is much smaller than in the strong coupling region. However it is not still clear for the standard plaquette gauge action whether chiral symmetry is broken slightly but explicitly [11] or the symmetry breaking term vanishes exponentially in N 5 but decay rate is small [12] . On the other hand, for the renormalization group (RG) improved gauge action [13] it was found in Ref. [11] that value of the residual mass is much smaller than that for the plaquette action and furthermore the residual quark mass decays exponentially in N 5 up to N 5 = 24, which is consistent with a realization of the exact chiral symmetry. We can conclude that chiral symmetry is much better realized with the RG action than with the plaquette gauge action. It is quite reasonable to adopt a combination of the domain-wall fermion and RG improved gauge action for computational simulation.
In this paper we evaluate the renormalization factors, which is needed to convert the lattice quantities to the continuum ones, for the domain-wall fermion system with various improved gauge actions. We calculate the renormalization factors of quark wave function, quark mass, bilinear quark operators, three-and four-quark operators in MS scheme mainly with the dimensional reduction (DRED), and gives the relation between DRED and the naive dimensional regularization (NDR). Since the domain-wall height M (the mass in the five dimensional theory) receives rather large additive quantum corrections, one must employ the mean field improved perturbation theory for the reliable calculation of the renormalization factors. We will explain this point in detail.
This paper is organized as follows. In section II we present the action and the corresponding Feynman rules. In section III we discuss the general form of the quantum correction and introduce the mean field improvement in order to treat the problem of the additive quantum correction to M. Our main result is given in section IV. Finite part of the renormalization factor is evaluated numerically in section V. We explain how to use the mean field improved results for various renormalization factors in section VI. We close the paper with a brief summary and comments in section VII.
In this paper we take SU(N) gauge group with the gauge coupling g and the second
. We set N = 3 in the numerical calculations for three-and fourquark renormalization factors. The physical quantities are expressed in lattice units and the lattice spacing a is suppressed unless necessary.
II. ACTION AND FEYNMAN RULES
We employ the Shamir's domain-wall fermion action [2, 3] given by S f = 
where x, y are four-dimensional space-time coordinates, and s, s ′ are fifth-dimensional or "flavor" index, bounded as 1 ≤ s, s ′ ≤ N 5 with the free boundary condition at both ends. In this paper we will take N 5 → ∞ limit and omit terms suppressed exponentially in N 5 . P R/L is the projection matrix P R/L = (1 ± γ 5 )/2, m is physical quark mass and the domain-wall height M is a parameter of the theory which we set 0 ≤ M ≤ 2 in order to realize the massless fermion at tree level. The quark mass term and quark operators for our calculation are constructed with the 4-dimensional quark field defined on the edges of the fifth dimensional space, q(x) = P L ψ(x, 1) + P R ψ(x, N 5 ), q(x) = ψ(x, N 5 )P L + ψ(x, 1)P R .
For the gauge part of the action we employ the following form in 4 dimensions: 
where the first term represents the standard plaquette action, and the remaining terms are six-link loops formed by a 1 × 2 rectangle, a bent 1 × 2 rectangle (chair) and a 3-dimensional parallelogram. The coefficients c 0 , · · · , c 3 satisfy the normalization condition c 0 + 8c 1 + 16c 2 + 8c 3 = 1.
The RG-improved gauge action is defined by setting the parameters to the value suggested by an approximate renormalization group analysis. In the following we will adopt the following choices c 1 = −0.331, c 2 = c 3 = 0(Iwasaki) and c 1 = −0.27, c 2 + c 3 = −0.04(Iwasaki') [13] , c 1 = −0.252, c 2 + c 3 = −0.17(Wilson) [14] and c 1 = −1.40686, c 2 = c 3 = 0(DBW2) [15] for the RG improved gauge action, as well as c 1 = c 2 = c 3 = 0(Plaquette) and c 1 = −1/12, c 2 = c 3 = 0(Symanzik) [16, 17] . With these choices of parameters the RG improved gauge action is expected to realize smooth gauge field fluctuations approximating those in the continuum limit better than with the unimproved plaquette action. Weak coupling perturbation theory is developed by writing the link variable in terms of the gauge potential
and expanding in terms of the gauge coupling. We adopt a covariant gauge fixing with a gauge parameter α defined by
where
The free part of the gluon action takes the form in momentum space
and q µν is defined as
The gluon propagator can be written as
where A µν is a function of q µν andk µ whose form we refer to the original literatures [13, 16] . In this paper we will adopt the Feynman gauge(α = 1) without loss of generality, since the renormalization factors for the physical quantities such as quark mass, bilinear quark operators, three-and four-quark operators do not depend on the choice of the gauge fixing condition.
For the fermion part we need following three types of propagators in domain-wall QCD. One is the propagator which connects general flavor indices,
where the mass matrix is
and G R/L is given by
When W becomes negative the fermion propagator is given with the replacement e ±α → −e ±α . The second one is the propagator which connects the physical quark field and the fermion field of general flavor index,
and the third one is two point function of the physical quark field
.
In the continuum limit the physical quark propagator becomes
Here we notice that the overall factor 1 − w 2 0 with w 0 = 1 − M appears in the quark wave function and mass.
Following two interaction vertices will concern in the one loop correction,
In this paper we will calculate the one loop correction to the Green functions constructed with physical quark fields q, q. When we carry out the perturbative calculation we first notice that the external line propagator is expanded in terms of the external momentum p µ and quark mass m as
The fifth dimensional index s, t are summed with this L(s), R(s) and following form of the propagators will concern in the loop integral,
III. MEAN FIELD IMPROVEMENT
Before evaluating the one loop correction we will discuss on the mean field improvement in this section. In the domain wall formalism the renormalization factor of an n-quark operator O n has a generic form
where Z w represents the quantum correction to the normalization factor 1 − w 2 0 of physical quark fields q, q, and Z On is the vertex correction to O n . Here we notice that Z w is written in the form
As is known in perturbative calculation [18] the one-loop correction in Z w becomes huge for some choice of M because of the tadpole contribution in Σ w and division with 1 − w 2 0 . This reflects the fact that the one loop correction to domain-wall height M is additive rather than multiplicative [19] . Rewriting it to the multiplicative form
can be done only when g 2 ≪ 1 since the correction Σ w contains the tadpole contribution and becomes large [18] .
To carry out this rewriting reliably, we adopt the mean field improvement as follows.
where T MF is the one-loop correction to the mean-field factor defined by
where u = P 1/4 with P being the plaquette. In the second line of equation (51) we have replaced the perturbative correction g 2 C F T MF to the domain-wall height with nonperturbative value, 2(1−u), according to the standard procedure of the mean field improved perturbation theory. On the other hand, the perturbative value is still used for Z MF w , since the mean field improved value, Σ w + 16π 2 2T MF , becomes small enough. The procedure of the mean field improvement for the renormalization factor of the general n-quark operator O n becomes as follows. We factor out the mean field contribution perturbatively from the vertex correction Z On and replace it with the non-perturbative one:
where u = P 1/4 is evaluated numerically. This leads to the rewriting of the total renormalization factor of O n ,
Note that the difference between the mean field improved renormalization factor and the unimproved one is of higher order in the perturbative expansion. The renormalization factors of the quark wave function, the quark mass and the n-quark operator are shifted as
Now we have a short comment on derivation of T MF . The one loop correction is given by expanding the plaquette value in gauge coupling and executing the momentum integral.
where T is a tadpole contribution and δT is a remaining contribution,
with µ, ν are unsummed and µ = ν. Here momentum integral means
After numerical integration we get 
Here please notice that the finite part Σ w and the tadpole factor T MF which is defined through plaquette P are gauge independent. The mean field improved factor can also defined with perturbative evaluation of the link variable (8) . In this case the averaged link variable is written in terms of T and gauge dependent part δT gauge ,
The gauge dependent term is independent on the choice of gauge action,
T is given by .
As the third choice, one may define the mean field improved factor u through the critical hopping parameter K c of the Wilson fermion action as
where [20]
IV. ONE LOOP RENORMALIZATION FACTORS
In this section we derive the renormalization factors at the one loop level for the quark wave function, the quark mass, bilinear quark operators, three-and four-quark operators in the form of momentum integrals. The loop integral will be carried out numerically in the next section. Matching of the lattice and continuum operators are carried out at a scale µ in the MS scheme with the dimensional reduction (DRED) or the naive dimensional regularization (NDR). Difference between NDR and DRED resides only in the finite parts of the renormalization factors in the continuum. The finite parts on lattice are derived with mean field improvement. Hereafter we suppress the index MF in quantities unless confusion may arise.
A. Quark propagator
One loop correction to the physical quark propagator is given by two diagrams. Contribution from the tadpole diagram is given by
Contribution from the rising sun diagram is written as
Making use of the summation formula (37)- (44) and following the calculation in Ref. [18] , we obtain the "full" quark propagator at the one loop level on lattice and in the continuum with MS scheme as follows.
where the mean field improvement is used on lattice. Comparing these two expression for the quark propagator, we obtain the following relations.
The explicit form for Z factors are given below. The renormalization factor for 1 − w 2 0 is written as
The quark wave function renormalization factor is given as
The quark mass renormalization factor becomes
Here T is a tadpole factor (61) and T MF is given in (60). No sum is taken for β. We have used the following short-handed notations;
Some fundamental quantities are given by
Here we notice that the domain-wall height is shifted with nonperturbative mean field improvement factor u in this section, which is essential for z MF w as is seen in the previous section.
B. Bilinear operators
We consider the local bilinear operators constructed with physical quark fields,
One loop correction to the bilinear quark operators is evaluated in the same way as in Ref. [18] . The operator matching relation is given by
where the renormalization factor is given by
C. 4 quark operators (DRED)
We consider the following ∆S = 2 four-quark operators,
where γ
The operator matching relation between the lattice and the continuum in MS scheme with DRED is given by
Here we notice that the finite part on lattice can be written in terms of the one loop correction to bilinear operators. The relation to the NDR is given in the following subsection.
D. 3 quark operators (DRED)
We consider the three-quark operators relevant to the proton decay amplitude,
The operator matching relation for the three-quark operators is given as follows in MS scheme with DRED.
where the renormalization factor is
E. Renormalization factor for B K and B P Following quantities are important for K mesons. One is K meson B parameter B K , defined by
which is needed to extract the CKM matrix from experiments, and the other is the matrix element divided by the pseudo scalar density,
which can be used to measure the violation of the chiral symmetry, since it should vanish at m π → 0 in the presence of the chiral symmetry. The s and d quark fields defining these quantities are the boundary fields given by (5) and these parameters are written in terms of the four-quark operator O + and bilinear quark operators O A , O P in the previous subsection. The renormalization factors for B K and B P are given by the ratio of those for O + and O A , O P .
From the explicit notation of (114) and (126) the mean field improvement factor T MF is canceled out in z
. The remaining effect of the mean field improvement is to shift the domain-wall height M.
F. DRED and NDR
In this subsection we list the relation between NDR and DRED in MS scheme. The relations for the quark wave function and the quark mass are given by
The relations for the bilinear quark operators are
The renormalization factors for the four-quark operators are related with
The relation for the three-quark operator is
At last we have a relation for B K and B P
Here we take the color factor N = 3 for three-and four-quark operators and B K , B P .
V. NUMERICAL RESULTS
Finite parts of renormalization factors in the previous section are numerically calculated. Necessary momentum integration is approximated by discrete sum of L 4 with L = 64. For three-and four-quark operators and the parameters B K , B P the color factor is set to N = 3. In the tables I∼ XIV, numerical values in DRED schemes without mean field (MF) improvement is given. The numerical error is estimated by varying L from 64 to 60.
The renormalization factors with the MF improvement defined in the previous section are given by shift in the domain-wall height and subtraction of the tadpole factor T MF as follows.
where w 0 = 1 − M and a nonperturbatively shifted w is defined by
VI. TOOL KIT FOR THE MEAN FIELD IMPROVED PERTURBATION THEORY
In this section, we explain step by step how to calculate the renormalization factors in the mean field improved perturbation theory, using our numerical results in the previous section. We assume the (quenched) domain-wall QCD with the plaquette or improved gauge actions. Therefore we have two parameters, the bare gauge coupling constant g 2 = 6/β and the domain-wall height M, in addition to the improved coefficient c 1 and c 2 + c 3 .
1. First of all, one determines the tadpole factor u. Usually u is determined from the measured plaquette value such that u = P 1/4 . From the existing data for the plaquette values at several β for the plaquette and RG improved (Iwasaki) gauge actions, P may be parameterized as the function of g 2 :
In tableXV the coefficient a i and b 1 are given [21] , where g 2 max is the maximum value of the coupling used to the fit. The fits are constrained to satisfy the relation that c p = b 1 − a 1 , where
at the leading order of the perturbation theory. The value of c p for various gauge actions is given in table XVI, together with the value of c R1,R3 , defined by
where R1, R2 and R3 are the expectation value of the rectangular, chair and parallelogram loops, respectively.
At the strong coupling such that g 2 > g 2 max , one had better to use the measured value of P , instead of eq. (161).
One then calculates the mean-field improved MS coupling
where d g , taken from Refs. [22] [23] [24] , is also given in table XVI. According to the philosophy of the mean-field improvement, an alternative formulae seems more natural for the RG improved gauge action [25] :
3. One replaces the domain-wall height M withM = M − 4(1 − u).
Wave function renormalization factors are given by
where w 0 = 1 −M. We parameterize Σ w + 32π 2 T MF and z
MF 2
as follows:
The relative errors of these and the following interpolations are less than a few % except at points where the value is near zero. We have collected the values of parameters a i for Σ w in depends on the detail of the MS scheme, NDR and DRED, hence both results of a 0 are given.
The mass renormalization factor is given by
The values of a i are given in table XIX.
6. The renormalization factors for the bilinear operators are given by
where h(Γ) = 0 (VA), 6(SP), -2(T). The values of a i are given in table XX.
The renormalization factors for the 4-quark operators are given by
where I = +, −, 1, 2, δ + = −4, δ − = 8, δ 1 = −2, δ 2 = 16, and v IJ = 0 for all I and J except v 12 = 8 and v 21 = 1 in the NDR scheme. The values of a i are given in table XXI. Note that the interpolation of z 2 by the 4th polynomial of w 0 is not accurate enough for the DBW2 gauge action, so we also employ the 6th polynomial of w 0 .
8. The renormalization factor for the 3 quark operator is given by
The values of a i are given in table XXII.
9. The renormalization factors for B K and B P are given by
The values of a i are given in table XXIII.
The renormalization factors for 4-quark operators with ∆S = 1 are defined as
where i, j = 1, 2, · · · , 10. The renormalization factor for the penguin operators is given by [26] 
where C(Q 2 ) = 1, C(Q 3 ) = 2, C(Q 4 ) = C(Q 6 ) = 3, C(Q 9 ) = −1 and C(Q i ) = 0 for other i. The renormalization factor z pen i is independent of the gauge action. Furthermore it does not depend on i for DRED, but For other renormalization factors, we have 
The values of a i are given in table XXV. Note that
and that
If one uses the measured averaged link variable for u instead of P = u 1/4 , one should replace T MF in the above formula with
where α is the gauge parameter, δT gauge = 0.0387334 for all gauge actions, and T is given in table XVI. Similarly, in the case of using the critical hopping parameter K c of the Wilson fermion for u, one should make the replacement that T MF → T Kc , where T Kc − T MF is given also in table XVI. If one set u = 1 and T MF = 0 in the above steps, one can obtain the renormalization factors in the ordinary perturbation theory without MF improvement.
VII. CONCLUSION
In this paper we have evaluated renormalization factors at the one loop level for quark wave function, quark mass, bilinear quark operators, four-and three-quark operators perturbatively. We show that the mean field improvement, by which the large additive quantum correction to the domain-wall height M is non-perturbatively estimated, makes the perturbative evaluations more reliable. We explain how to obtain the numerical values for the renormalization factors in the MF improved perturbation theory in detail. 
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